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I Compositional design

Component based design A, B, ...

Each component has an interface, e.g., X, and a behavior, e.g.,
L C¥v.

A product X on components joins parts into a system.



I Decompositional design

Suppose a composite expression A = B x C.
m B and C are parts of A,

m X captures how to join B and C.
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Decompositional design

Suppose a composite expression A = B x C.
m B and C are parts of A,
m X captures how to join B and C.

Can we find a new component D such that A= B x D?
m D may differ from C,
m the resulting system behavior is the same.

How is the set of all components D structured?

Can we extract some structure to define a division operator A/B?
m choice function over the set of components,

m measure of the best component.



I Content

Ll

Components
Products
Division

Observations



Algebra of Components
Components
Basics:

m set of discrete events E;

m observation as a pair of a set of events O and a time stamp t,
ie, (0,t) e P(E) x R4

m timed-event sequences (TES) as an infinite sequence of
observations, i.e., 0 : N — (P(E) x Ry)
with time increasing and Non-Zeno for consecutive
observations.

For a TES o, we write o(t) = O if there exists i € N such that
a(i) = (0,t), and o(t) = 0 otherwise.



Component

A component C = (E, L) is a pair of
m an interface E is a set of observable events

o position readings r(i, (x, y)) with x,y € N for a robot;
o move E(i) as robot i moves East;
o position display (x,y); with x,y € R for a field with obstacle ;
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A component C = (E, L) is a pair of
m an interface E is a set of observable events

o position readings r(i, (x,y)) with x,y € N for a robot;
o move E(i) as robot i moves East;
o position display (x,y); with x,y € R for a field with obstacle ;

m a behavior L is a set of Timed Events Streams over E (L C
TES(E)), e.g.,

t ocel nelL
ty {nvD)E N}
ty {w@y  {E@)}
ts {r(i,(mm))} -

with ty, tp, ts, ... increasing and Non-Zeno.



I Component

Refinement and containment

Given two components C; = (Ej, L1) and G = (Ep, L),
AL B if and only if
m £ CEy;
u Ll g L2.
A < B if and only if
m £ CE;
m for all o € Ly, there exists 7 € Ly, 0 < 7, i.e, forall t € Ry,
o(t) C 7(t).
Theorem
C defines a partial order on the set of components.

Theorem
If C is a set of components such that, for all A€ C, forallo: A
andT: Ao <1 = o0 =T, then < defines a partial order on C.
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Algebra of Components
Product
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Let G = (E1, L1) and G = (E, L) be two components.
Let X = (R, ®) be an interaction signature where

m R is a relation R C L1 x Ly that says which TESs compose;
m @ is a function @ : L1 x Ly — L that says how TESs compose.

A product of C; and C under ¥ is a component
G xy G = (E, L) with
o E=EUE, and
o for all 01 € L1 and 03 € Ly, (01,02) € R implies 01 ® 0, € L.
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Let G = (E1, L1) and G = (E, L) be two components.
Let X = (R, ®) be an interaction signature where

m R is a relation R C L1 x Ly that says which TESs compose;
m @ is a function @ : L1 x Ly — L that says how TESs compose.

A product of C; and C under ¥ is a component
G xy G = (E, L) with
o E=EUE, and
o for all 01 € L1 and 03 € Ly, (01,02) € R implies 01 ® 0, € L.

Remark
m Algebraic properties of Xy are derived from properties of ¥,

m co-inductive definition of X.



I Decomposition

Intuition

Let A, B, C, and D be four components. Let X be an interaction
signature. Suppose that

A:BXZC:BXzD

Consequences:

m the result of D interacting with B under X is the same as C
interacting with B under ¥,

m C could be replaced by D,

m can we characterize the set of all such D.
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Division

Definition
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We assume a commutative product Xy on components.

A is divisible by B if there exists a non-empty C such that
A=B Xy C.

The set of all non-empty such C is the set of quotients.

Let x be a choice function over the set of quotients.
The division of A by B under X is A/$B returns the element from
the set of quotients chosen by y.



Division
Example
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Let E; and E> two sets of events.
Let Ysync = (Rsync(E1, E2),U) be such that:

® (0,7) € Reync(E1, E2) if and only if o(t) N Ex = 7(t) N Ey;
Let A and B be such that
{C| A= B xx C and C is non empty} # ()
Is the set of quotients of A divided by B under ¥ totally ordered

with respect to <7
Can we define division as the best component?



Division
Example
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Consider components A, B, C, and D with characteristic behaviors:

oA B é6:C n:D
7 {0,1,2} {0,1} {0,2} {1,2}
t» {0,1,2} {0,1} {0,2} {1,2}
t3 {0,1,2} {0,1} {0,2} {1,2}

Then:
m A=Bxy, C=B X ne D, but

m The only lower component X such that X < Cand X < D is
such that A : X = (({2}, t1), ({2}, t2),...) and A # B x5, X.



Division
Example
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Let < be the containment relation.

Let xy be a commutative, associative, and idempotent product on
components, and such that for any two components C and D with
the same interface, C xy D < C.

Theorem

Given A divisible by B under Xy, any finite subset of quotients
sharing the same interface E has a lower bound that is itself a
quotient in A/%B.

. < E .. .
Consequence: we can define A/5"" B as a division operation

(existence and uniqueness).



Observations

Cost of coordination:
m the set of quotients sharing the same interface is structured;

m the fact that there is, in general, no minimal element over the
set of all quotients reveals the important role that interfaces
play in system decomposition;

m given A = B x5y C, finding the smallest quotients in the subset
whose interface is disjoint with B minimizes coordination.

Directions for future work:

m explore different measure to order set of quotients and define
division operators;

m implement the division operator on some finite specifications.
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