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Grand Perspective

When it comes to hybrid system modelling, there are

Verification frameworks (hybrid automata, Platzer’s dL, . . .)
Process calculi (Hybrid CSP, HyPA, hybrid χ, φ-calculus, . . .)
Simulation environments (Simulink, Modelica, . . .)

However, there is no uniform semantic framework as for classical
programming languages

Long-term goal is to develop such framework, based on the
monadic abstraction of hybridness

Yardstick: Operational semantics + Denotational semantics + Full
Abstraction
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Deterministic Hybrid Semantics



Bouncing Ball

1 2 3 4

0.5

1

Bouncing ball is a simple Newtonian system specified by
di�erential equations (g « 9.8):

v1 “ ´g, h1 “ v

with initial values:
v0 “ 0, h0 ‰ 0 (peak height)
h0 “ 0, v0 ‰ 0 (zero height)

Features:

deterministic
hybrid: the velocity changes discretely at the bottom
v ÞÑ ´cv, but it changes continuously in the meanwhile
progressive: every iteration consumes non-zero time
Zeno behaviour: state of rest is only reachable in the limit

damping factor
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A Simple Hybrid Language

Programs:

p,q ::“ x :“ t | x11 “ t1, . . . , x1n “ tn for b
| p ;q | if b then p else q | while b do { p }

I t,s ::“ r | r ¨ x | t` s
I b – Boolean combination of t ą s
I x P X is a variable, r P R

For example, bouncing ball:

h :“ 1 ;v :“ 0 ;

while true do {
v1 “ ´g, h1 “ v for h ą 0 ;v :“ ´c ˚ v

}

3 15



Operational Semantics

Constructs: pp, σ,tq; p – program, σ – environment,
t P {start, stop}

(asgÑ) x :“ t , σ , t Ñ skip , σOrtσ{xs , t

(diff-stopÑ) x̄
1 “ ū for t , σ , t Ñ stop , σOrφσptq{x̄s , 0 pif t ă tσq

(diff-skipÑ) x̄
1 “ ū for t , σ , t Ñ skip , σOrφσptσq{x̄s , t ´ ptσq pif t ě tσq

(if-trueÑ) if b then p else q , σ , t Ñ p , σ , t pif bσ “ Jq
(if-falseÑ) if b then p else q , σ , t Ñ q , σ , t pif bσ “ Kq
(wh-trueÑ) while b do { p } , σ , t Ñ p ; while b do { p } , σ , t pif bσ “ Jq
(wh-falseÑ) while b do { p } , σ , t Ñ skip , σ , t pif bσ “ Kq

(seq-stopÑ)
p , σ , t Ñ stop , σ1 , t 1

p ; q , σ , t Ñ stop , σ1 , t 1
(seq-skipÑ)

p , σ , t Ñ skip , σ1 , t 1

p ; q , σ , t Ñ q , σ1 , t 1

(seqÑ)
p , σ , t Ñ p1 , σ1 , t 1

p ; q , σ , t Ñ p1; q , σ1 , t 1
pif p

1 ‰ stop and p
1 ‰ skipq

Fig. 2: Small-step Operational Semantics

x :“ x` 1 ; wait 1 ; while true do { x :“ x` 1 ; wait 1 } , σOr0{xs , 1{2Ñ
{by the rules (asgÑ) and (seq-skipÑ)}

wait 1 ; while true do { x :“ x` 1 ; wait 1 } , σOr0` 1{xs , 1{2Ñ
{by the rules (diff-stopÑ) and (seq-stopÑ)}

stop , σOr0` 1{xs , 0
The gist is that to evaluate program (1) at time instant 1{2, one only needs to un-
fold the underlying loop until surpassing 1{2 in terms of execution time. Note that
if the wait statement is removed from the program then the reduction sequence
would not terminate, intuitively because all iterations would be instantaneous
and thus the total execution time of the program would never reach 1{2.
The following theorem entails that our semantics is deterministic, which is
instrumental for our implementation.

Theorem 1. For every program p, environment σ, and time instant t there is
at most one applicable reduction rule.

Let Ñ‹ be the transitive closure of the reduction relation Ñ that was
previously presented.

Corollary 1. For every program term p, environments σ, σ1, σ2, time instants
t, t1, t2, and termination flags s, s1 P {skip, stop}, if p , σ , t Ñ‹ s, σ1, t1 and p ,
σ , t Ñ‹ s1 , σ2 , t2, then the equations s “ s1, σ1 “ σ2 and t1 “ t2 must hold.

Proof. Follows by induction on the number of reduction steps and Theorem 1. [\
As alluded above, the operational semantics treats time as a resource. This is
formalised below.

7
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Denotational Semantics

Denotational domain for programs over the state space S “ RX

with results in X:

HSX “
∑

IPr0,R`q
SI ˆ X Y

∑
IPr0,R̄`q

SI

convergent trajectories divergent trajectories

So, for a program p, JpK : SÑ HSS

The key property is that HS is an Elgot monad (=monad with
support of iteration). The Elgot monad structure is obtained from
an enrichment over complete partial orders
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Adequacy and Full Abstraction

Theorem
1. p ,σ ,t Ñ‹ skip ,σ1 ,0 i� JpKpσq “ ph : r0,tq Ñ RX , σ1q
2. p ,σ ,t Ñ‹ stop ,σ1 ,0 i�

I either JpKpσq “ ph : r0,t1q Ñ RX , σ2q
I or JpKpσq “ h : r0,t1q Ñ RX

and in either case t1 ą t and hptq “ σ1

Operational Equivalence: Let p ” q if @σ, t,
p ,σ ,t Ñ‹ skip ,σ1 ,0 ‹Ð q ,σ ,t

or p ,σ ,t Ñ‹ stop ,σ1 ,0 ‹Ð q ,σ ,t

Lemma: for any linear context C, p ” q implies Crps ” Crqs

Corollary (Full Abstraction): p ” q i� JpK “ JqK
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Implementation

A prototype implementation is available at:

http://arcatools.org/assets/lince.html
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A Non-Deterministic Hybrid Language

Programs: Fix a set N of names

p,q ::“ x :“ t | x11 “ t1, . . . , x1n “ tn for b
| p ;q | if b then p else q | while b do { p }
|
∑

iPI
pi | b? | e | rec e. p pe P N q

Then

if b then p else q “ b? ;p` b? ;q
while b do { p } “ rec e. pb? ;p ;e` b?q (e fresh for p)

New SOS-rules:

rec e. p , σ,tÑ prrec e. p {es, σ,t∑
iPI
pi, σ, tÑ pi, σ, t b? ;p, σ, tÑ p, σ, t pbσ “ Jq
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The Non-Deterministic Hybrid Monad

Theorem
LetM be a monoid of convergent trajetories and E beM-module
of divergent trajectories. Then

PpMˆ IdYEq
is an Elgot monad: Given f : X Ñ PpMˆ pY ` Xq Y Eq, x P X, f :pxq
consists of

1. pm, yq P f :pxq if m “ m1 ¨ . . . ¨mn and
pm1, inr x1q P f pxq, pm2, inr x2q P f px1q, . . . , pmn, inl yq P f pxn´1q

2. e P f :pxq X E if e “ m1 ¨ . . . ¨mn ¨ u and
pm1, inr x1q P f pxq, pm2, inr x2q P f px1q, . . . ,u P f pxnq

3. e P f :pxq X E if e “ ⊔
nPNm1 ¨ . . . ¨mn ¨ K and

pm1, inr x1q P f pxq, pm2, inr x2q P f px1q, . . .
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Full Abstraction

We can interpret the non-deterministic language in an
analogous way now, with sums as unions
The non-deterministic monad conservatively extends the
deterministic one ñ program equivalence is preserved
Iteration is computed non-standardly
I It is not least: while true do { waitp1q } must be waitp8q
I It is not greatest: x :“ 1;while true do { waitpxq;x :“ x{2 }

must be equal x :“ 1;waitp2q;K
I It is not unique: same example

Full abstraction is established analogously
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Concurrency



Hybrid CCS

Programs: Additionally, fix a set of actions A,

p,q ::“ x :“ t | x11 “ t1, . . . , x1n “ tn for b | p ;q

| e | rec e. p |
∑

iPI
pi | b? pe P N q

| a | ā | τ | p ‖ q | pθ | pr S pa P Aq
where θ is a renaming and S Ď A are names to hide
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Peculiarities

We can no longer use
∑

IPr0,R`qpRX qI as the monoid of
convergent trajectories, because of potential collisions like

x1 “ 0 for 1 ‖ x1 “ 1 for 1

So let M “∑
XĎX

∑
IPr0,R`qpRXqI, E “

∑
XĎX

∑
IPr0,R̄`qpRXqI

Sequential composition is standardly not in CCS, only
prefixing. We need it for various reasons, e.g. to obtain a
conservative extension
Time non-determinism
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Discrete Parallelism

a, σ, t aÝÑ skip, σ, t pa P AY ĀY {τ}q

p, σ, t aÝÑ p1, σ1, t
p ‖ q, σ Y η, t aÝÑ p1 ‖ q, σ1 Y η, t

dompσq X dompηq “ { }

q, η, t aÝÑ q1, η1, t
p ‖ q, σ Y η, t aÝÑ p ‖ q1, σ Y η1, t1

dompσq X dompηq “ { }

p, σ, t aÝÑ p1, σ1, t q, η, t āÝÑ q1, η1, t
p ‖ q, σ Y η, t τÝÑ p1 ‖ q1, σ1 Y η1, t dompσq X dompηq “ { }
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Continuous Interleaving

p, σ, tÑ p1, σ1, t1 q, η, tÑ q1, η1, t1
p ‖ q, σ Y η, tÑ p1 ‖ q1, σ1 Y η1, t1 dompσq X dompηq “ { }
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Full Abstraction Challenge

Question: Can we repeat the success of previous full abstraction
proofs?

Good news: There a general construction sending an Elgot
monad T to the concurrent extension Elgot monad
νγ. Tp--`Aˆ γq with bisimilarity semantics

Bad news: in presence of parallel composition, recursion is
no longer equivalent to iteration
Good news: But in our setting, mixing recursion with
parallelism makes less sense, e.g. rec e. px1 “ 0 for 1 ‖ eq
Bad news: If we allow empty environments then we can
encode the entire (non-hybrid) CCS, and the full abstraction
proof for it is both involved and potentially non-reusable
. . .

Answer: We still do not know
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