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| ARTICLE INFO ABSTRACT

The original purpose of component-based development was to provide techniues to

master complex software, through composition, reuse and parametrisation. However, such

systems are rapidly moving towards a level in which software becomes prevalently

| e e e intertwined with (continuous) physical processes. A possible way to accommodate the
latter in component calculi relies on a suitable encoding of continuous behaviour as (yet

( A another) computational effect.

| This paper introduces such an encoding through a monad which, in the compositional
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GRAND PERSPECTIVE

When it comes to hybrid system modelling, there are

m Verification frameworks (hybrid automata, Platzer's dz, .. .)
m Process calculi (Hybrid CSP, HyPA, hybrid ¥, ¢-calculus, ...)
m Simulation environments (Simulink, Modelica, . ..)

However, there is no uniform semantic framework as for classical
programming languages

Long-term goal is to develop such framework, based on the
monadic abstraction of hybridness

Yardstick: Operational semantics + Denotational semantics + Full
Abstraction




DETERMINISTIC HYBRID SEMANTICS




BOUNCING BALL

Bouncing ball is a simple Newtonian system specified by
differential equations (g ~ 9.8):

VvV =—g, h=v
with initial values:

BV, =0, ho #0 (peak height)
m ho =0,V, # 0 (zero height)

damping factor

Features:

m determi
m hybridjthe velocity changes discretely at the bottom
v — —cv, but it changes continuously in the meanwhile
m progressive: every iteration consumes non-zero time
m Zeno behaviour: state of rest is only reachable in the limit



A SIMPLE HYBRID LANGUAGE

m Programs:

p,q == x=1t | X; =1t4, ..., X, =ty forb
| p;q | ifbthenpelseq | whilebdo{p}

> t,su=r | r-x | t+s
» b - Boolean combination of t > s
» x e Xisavariable, reR

m For example, bouncing ball:

h:=1;vi=0;
while truedo {

V=-g hh=vforh>0;vi=—-cxv




OPERATIONAL SEMANTICS

Constructs: (p,o, t); p - program, o — environment,
t € {start, stop}

(asg™) x=t,0,t > skip,oV[to/x],t

(diff-stop ™) ¥ =dfort,o,t — stop,oV|[¢p,(t)/],0 (if t < to)
(diff-skip ™) ¥ =dfort,o,t — skip,oV[p,(ta)/],t— (to) (if t > to)
(if-true ) if bthenpelseq,o,t — p,o,t (if bo=T)
(if-false™) if bthenpelseq,o,t — q,0,t (if bo = 1)
(wh-true™) whilebdo{p},0,t — p;whilebdo{p},o,t (if bo =T)
(wh-false ) whilebdo{p},o,t — skip,o,t (if bo = 1)

p,o,t — stop,a’,t

= -y POt kip, o', t'
(seg-stop™) (seg-skip ™) [20®p U =2 S0 ©

p;q,0,t — stop,o’, t’ piq,0,1 — q,0’, 1’
p,o,t —» pl,o, ¢t

pia ot = piaot (if p’ # stop and p' # skip)
19,0, 39,07,

(seq™)




DENOTATIONAL SEMANTICS

Denotational domain for programs over the state space S = R*
with results in X:

HX = Y S'xxu Y ¢

le[o,R}) le[o,R4)

convergent trajectories divergent trajectories

So, for a program p, [p]: S — HsS

The key property is that Hs is an Elgot monad (=monad with
support of iteration). The Elgot monad structure is obtained from
an enrichment over complete partial orders



ADEQUACY AND FULL ABSTRACTION

Theorem
1. p,o,t —* skip,o’,0iff [p](c) = (h: [0,t) — RY, o)
2. p,o,t —* stop,o’,0iff
> either [p](c) = (h: [0, t') > R¥, 5"
> or [p](c) = h: [e,t’) > R¥
and in either case t’ > t and h(t) = ¢’

Operational Equivalence: Let p = q if Vo, t,

p,o,t =" skip,o’,0 *—q,0,t
or p,o,t —* stop,0’,0 *<—q,0,t

Lemma: for any linear context C, p = q implies C[p] = C[q]
Corollary (Full Abstraction): p = q iff [p] = [q]
6]




IMPLEMENTATION

A prototype implementation is available at:

http://arcatools.org/assets/lince.html

LINCE@  vevicpment  Publcatons~

Hybrid Program o Tmedores o e g

‘Symoolic Evaluation

Plotlengih



http://arcatools.org/assets/lince.html

NON-DETERMINISM




A NON-DETERMINISTIC HYBRID LANGUAGE

m Programs: Fix a set N of names

p,q i== X:=t | x; =t4, ..., X;, =tp forb
| p;:q | *+fbthenpeltsegtwhiltebdo{p}

\ Zielp,- | b? | e | rece.p  (eeN)
Then

ifbthenpelseq=>b?;p+ —b?;q
whilebdo{p} =rece.(b?;p;e+ —b?) (efresh forp)

m New SOS-rules:
rece.p,o,t — p[rece.p/e],o,t

o POt = pj ot b?;p,o,t > p,o,t (bo=T)




THE NON-DETERMINISTIC HYBRID MONAD

Theorem

Let M be a monoid of convergent trajetories and E be M-module
of divergent trajectories. Then

P(M x Id UE)
is an Elgot monad: Givenf: X — P(M x (Y + X) UE), x € X, f(x)
consists of
1. (my)efix)ifm=m,-...-m,and
(M, inrxq) € f(x), (Ma,inrxs) € f(Xx1), ..., (Mp,inly) € f(Xp—1)
2. ecffx)nEife=m,-...-my,-uand
(M4, inrx,) € f(x), (M, inrx,) € f(X31),...,u € f(xp)
3.eefix)nEife=|],oymi-...-My-Land

(M, inrxq) € f(x), (Ma,inrx,) € f(xq), . ..




FULL ABSTRACTION

m We can interpret the non-deterministic language in an
analogous way now, with sums as unions

m The non-deterministic monad conservatively extends the
deterministic one = program equivalence is preserved

m Iteration is computed non-standardly

» Itis not least: while true do {wait(1) } must be wait(oo)

> Itis not greatest: x := 1;while true do {wait(x);x = x/2 }
must be equal x := 1; wait(2); L

» Itis not unique: same example

m Full abstraction is established analogously



CONCURRENCY




HYBRID CCS

m Programs: Additionally, fix a set of actions A,

p,q o= x:=1t | X; =14, ..., X, =thforb | p;q
| e | rece.p | Zidpi | b? (eeN)
lafalr|pllqg|pd|p~s (ae A

where 6 is a renaming and S < A are names to hide




PECULIARITIES

m We can no longer use }-, oz, (R")" as the monoid of
convergent trajectories, because of potential collisions like

X'=efori|x =1fora

SoletM =3 y » ZIE[O,R+)(RX)I' E =3 xcx ZIG[O,R+)(RX)I
m Sequential composition is standardly not in CCS, only

prefixing. We need it for various reasons, e.g. to obtain a
conservative extension

® Time non-determinism



DISCRETE PARALLELISM

a,o,t 5 skip,o,t (ae AuAdu{r})

p,o,t 5 p ot
pllgount>p g unt

dom(o) ndom(n) ={}

q,n,t 5> g0t
pllgountSplq,oun,t

dom(o) A dom(y) = {}

pot S poit  qntS gyt
plgountsp|q,oun,t

dom(o) ~ dom(z) = {1}




CONTINUOUS INTERLEAVING

t—-p. ot —q',n,t
p,o, p,o, qgnt—q,n,t dom(o) ndom(n) ={}

plg,cunt—p|q,0 vyt




FuLL ABSTRACTION CHALLENGE

Question: Can we repeat the success of previous full abstraction
proofs?

m Good news: There a general construction sending an Elgot
monad T to the concurrent extension Elgot monad
vy.T(-4+A x ) with bisimilarity semantics
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FuLL ABSTRACTION CHALLENGE

Question: Can we repeat the success of previous full abstraction
proofs?

m Good news: There a general construction sending an Elgot
monad T to the concurrent extension Elgot monad
vy.T(-4+A x ) with bisimilarity semantics

m Bad news: in presence of parallel composition, recursion is
no longer equivalent to iteration

m Good news: But in our setting, mixing recursion with
parallelism makes less sense, e.g. rece. (X’ =0 for1 || e)

m Bad news: If we allow empty environments then we can
encode the entire (non-hybrid) CCS, and the full abstraction
proof for it is both involved and potentially non-reusable

m ...
Answer: We still do not know
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