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Equational modal logic.

Let & = U >, be a signature with each X, containing operation symbols

n
with arity n.

A Y-algebra A is composed of a nonempty set A and, for each f € ¥ with
arity n, a corresponding n-ary function f4 : A" — A.

A homomorphism between two X-algebras A and A’ consists of a map
h: A — A satisfying:

h(FMa1, ..., an)) = £ (h(a1), ..., h(an),

for every n-ary function f € ¥ and as, ..., a, € A.
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Equational modal logic.
Syntax

Let X be a set of variables. T(X, X),the set of X-terms is the least set
such that:

o X C T(Z,X)

o f(t1,....tn) € T(X,X) whenever f € X, and ty,...,t, € T(X, X)

Given a set of terms T(X, X), the corresponding set of equations, denoted
by Eq(X, X), is defined as the set {t ~ t': t,t' € T(X,X)}.

We define Fml(%, X), the set of equational modal formulas as the least
set satisfying:

e Eq(X,X) C FmI(%, X)

e vV, ~p, Op € FmI(X, X) whenever o, v € Fml(Z, X)

The remaining operators such as A, — or { are used as usual

abbreviations.
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Equational modal logic.

Semantics
An algebraic Kripke frame is a structure M = (W, R, (Aw)wew) such
that:

e RCWxW
e (Ay)wew is a family of X-algebras.

Let A be a Y-algebra. We say that o : X — A is an assignment.

We can define the satisfaction of formulas from Fm/(X, X) over a state w
of such an algebraic Kripke frame recursively as:
e MiwEt~t & 5(t)=a(t') for every assignment o : X — A, and
such that & is the unique extension homomorphism of o.
o MwEpVYys MwEpo MwEY
o MwE-p& MwE e
o M,wEOyp < M, w E ¢, for every w' such that (w,w’) € R
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Equational modal logic.

Y = {x}
W = {wy, wa}

R ={(w1,n2), (w2, w1)}
(AW)WEW = {AW1aAW2}

We can express properties of a binary algebraic operation like:
e Commutativity — x(a, b) ~ (b, a)
@ Associativity — x(a, (b, ¢)) = x(x(a, b), ¢)

We can use modalities to express properties like: we can always reach a
state with a binary idempotent operation in one step:

O(*(a,a) ~ a)
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Equational modal logic.

Bisimulation

A class of algebras closed under subalgebras, homomorphisms and
products is called a variety.

We denote by V(K) the least variety containing a class of algebras K.

The class K of every algebras satisfying a set of equations E is called a
equational class and E is known as the equational axiomatization of K.

A class of X-algebras K is a variety if and only if K is an equational class.
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Equational modal logic.

Bisimulation

Let M = (W, R, (Aw)wew) and M" = (W', R, (AL, )wew) be algebraic

Kripke frames. A relation Z C W x W' is a bisimulation iff, for every

(w,w') € Z:

atom V(w) = V(w'), i.e Ay, and A], generate the same variety.

zig If (w,v) € R, then there is some v/ € W’ such that (w/,v’) € R’ and
(v,v)eZ.

zag If (W', V') € R', then there is some v € W such that (w,v) € R and
(v,v)eZ.

Let M= (W, R, (Aw)wew), M' = (W' R, (A, )wew) be algebraic
Kripke frames and Z C W x W' be a bisimulation such that (w,w’) € Z.
Then M,w E ¢ < M',w' E ¢ for every formula ¢ € Fml(¥Z, X).
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Switch graphs.

A switch graph is a pair (W, S) where W is a non empty set of worlds
(states) and S is a set of generalized edges, along with an initial
instantiation / : S — {0, 1}, such that S is defined as:

OSOQWXW
° 5n+1§50><5n><{°70}

oSzUSn

W ={w}

7 5 = {(w,w).
61(‘ ¢ ((w, w), (w,w),o0),
O ((W,W),((W,W),(W,W),o),o)}
I(w,w) =1
@ I((w,w),(w,w),0) =1
/

(( w), ((w, w), (w, W)7o)’.) —0
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Switch graph.

Consider a switch graph (S, W) and an instantiation /. An edge

(v,w) € S can be crossed iff /(v,w) = 1.

1(v:%) represents the updated instantiation, after crossing (v, w).

if ((u,v),(a,b),e) €S and I((u,v),(a,b),e) =1

if ((u,v),(a,b),0) €S and I((u,v),(a,b),0)=1
otherwise

O,
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Switch graph.
Modal logic

Given a set Q of atomic propositions, we define Fm/(£2), the set of modal
logic formulas as the least set that:

e QC FmI(Q)
° p V1, ~p, Op € FmI(Q), whenever p, 1 € Fml(Q).
The remaining operators (A, — and ¢ for instance are used as usual

abbreviations).

A switch graph model (W, S, V) (with an initial instantiation /) is a switch
graph (W, S) together with a valuation function V : Fm/(Q) — 2".

M-w') represents the updated model after crossing an edge (w,w')e S
with /(w,w’) = 1.

MW is equal to M with the instantiation /(*:W').
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Switch graph.

Modal logic

The satisfaction of modal formulas over a switch graph model
M = (W,S, V) and a state w € W is defined as follow:

@ Forpe: MiwEp< we V(p)

o MwEpVY e MwkE Vo MwkEa1

o MwEkE-~pe MwkEp

o M,wEOyp e MWW) w ko for every w such that (w,w’) € S
and /(w,w') =1
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Switch graph.

Modal logic
w9 W4y
OO
AN
OO
w1 ws
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Switch graph.

A switch graph model M = (W, S, V) with an initial instantiation /
admits a “planar representation”:

- Denote by 7 the set of all attainable instantiations;
- Denote W/ =7 x W
- Define R C W’ x W' such that (wy, I)R(ws, J) iff:
o /[(wi,wp) =1
o J = [(mw)
- Define V' : Fml(Q) — 2" such that:
For any (w,l) € W, V'(w, 1) = V(w)

M = (W' R, V') is a Kripke model.

MwE e M (w,])E @
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Switch graph.

Bisimulation

Let My = (WA, 51, V1) and My = (Wa, 52, Vi) be two switch graph
models with initial instantiations /; and /,, respectively.

M; = (W], Ry, V{) and M) = (W}, R», V}) are the corresponding planar
representations.

Let Z C Wy x W, be a relation. We say that Z’ is a relation that extends
Z if it satisfies:

o (w,w') € Z implies ((w, h), (w2, k) € Z’

Z is a bisimulation of switch graph models whenever there is an extension
Z' such that Z’ is a bisimulation of Kripke models.
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Switch graph.

Bisimulation
Example. The following relation is a bisimulation of reactive models:

{((W1)7 (Vl))7 ((le W2)7 (V17 V2))7 ((W2)7 (V2))7 ((W27 W3)7 (V27 V2))7
((W4)’ (Vl))> ((W47 W3)7 (Vla V2))> ((W3)7 (V2))7 ((W37 W2)a (V2> V2))}

- ()
Ci { ? /O
O OO0

w1 w3 V1 U2

w2

Bisimulation is a useful tool to reduce the size of large models.
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Algebraic switch graph.

An algebraic switch graph is a structure M = (W, S, (AW)WGW) along
with an initial instantiation / such that:

e (W,S) is a switch graph

@ (Aw)wew is a family of algebras

We denote by M(w:") the algebraic switch graph obtained after crossing
(w,w’), i.e, M with the instantiation [(ww'),

We define the satisfaction of formulas from Fml(X, X) over a state w of
such an algebraic switch graph as:
e MiwEt~t & 5(t)=a(t') for every assignment o : X — A, and
such that & is the unique extension homomorphism of o.
o MwEpVYy& MwEpo MwEY
o MwE-pe MwkEp
o M,wE Oy e MWW) W E @, for every w' such that (w,w’) € S
and I(w,w') =1
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Algebraic switch graph.

We can obtain a plain representation for a algebraic switch graph

M = (W,S, (Aw)wew) with an initial instantiation / and Z the set of
attainable instatiations.

W =WxT

R={((w,J),(w,J)) : J(w,w') =1and J/ = J*"*'}

Z is a bisimulation of algebraic switch graphs whenever there is an
extension Z’ such that Z’ is a bisimulation of algebraic Kripke frames.

Let M= (W,S, (Aw)wew), M' = (W', S, (A, )wew) be algebraic
switch graphs and Z C W x W' be a bisimulation such that (w,w’) € Z.
Then M,w E ¢ <& M',w' E ¢ for every formula ¢ € FmI(X, X).
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Conclusion and future work.

We propose algebraic switch graphs.

We adapt the semantics of equational logic to algebraic switch graphs and
introduce a notion of bisimulation.

We intend to expand this work (possibly with nominals).

We aim to apply these ideas to systems with separated modules, with
proper algebras. Following the work of Madeira and his collaborators.
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