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Plan

@ Meadow: a ring expanded/extended/enlarged with
@ 0 or more peripheral elements: L, oo, +00, —00, +t, —t,
o functions for inverse and/or division.

@ Involutive meadow: x ~0=0
In this case Ax.1 + x (also written x~') is an involution.

© x = yis often written as f

© Common meadows: x +~ 0 = L where L is an error that
propagates through all operations.
Let F be a field (single sort number, constants: 0, 1, functions
+,-,—), then Enl  (F(+)) enlarges F with L and division

|Enl (F(+))| = |FlU{L}
© DEFINITION: common meadows are structures of the form

Enl, (F(+))
with F a field.
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Why common meadows?

Plan of talk continued:
@ equational axioms for common meadows (I will provide some)
@ signed common meadows: a sign function s is present,
© additional axioms for sign,
© specifying rationals,
@ fracterm flattening
Some “advantages” of common meadows:

@ Total functions, ordinary equational logic; classical datatype theory
applies without any problem.

@ Adopting 1 + 0 = L is close to mathematical intuition as one may
think of L as somehow formalising the idea of having no proper
value.

@ Fracterm calculus for common meadows is simpler than what we
(now) call Suppes-Ono fracterm calculus (i.e. working with
1+-0=0).
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Commutative rings with L

X+(y+2z)=Kx+y)+z
X+y=y+x
X+0=x

X+ (—x)=0-x
X-(y-2)=(x-y)-z

X-y=y-x
1-x=x
x-(y+2)=Kx-y)+(x-2)
—(—x)=x
0-x=0-(x-x)
X+ 1L=1
Table: CR
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Commutative rings with L and sign function

The sign function represents an ordering.
Idea: for positive x, s(x) =1,

for negative x s(x) = —1,

with s(0) =0and s(L) = L.

s(0)=0
s(1) =1
s(L)y=1L
s(—=x) = —s(x)
s(x-y) =s(x)-s(y)
s(x + s(x)) = s(x)
s(s(x)) = s(x)
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Table: CR_ (s)
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Equations for division: import CD

x=3 (19)
X —X
_X_ =X 20
-y (20)
X u_x-u 1)
y v oy-v
5+g:(x V) + (¥ - u) (22)
y v y-v
X V-V
© " uv @
1
o= tOx (24)
1
1= (25)

Table: FTCcm (fracterm calculus of common meadows)
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FTCcm with sign; importFTCcm, CR

Table: FTCcm/s (equations for s of fracterms)

Currently FTCcm is our “best” axiomatisation of elementary arithmetic
with division. A completeness result for common meadows of
characteristic 0 can be shown.

In the presence of s (that is for FTCcm/s) we are not able to prove
anything in terms of completeness, although characteristic 0 comes
with the presence of s.
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Specification of common meadows of rationals

Signature for common meadows:
Yem = Xy U{L, =} with X, the signature of unital rings (0,1, +, —, ).

Signature for common meadows: ¥3,, = Xcm U {S}.
Let Q be an arbitrary but fixed field of rational numbers. Enl; (Q(=)) is
the corresponding common meadow. ADT(Enl, (Q(=))) is the

corresponding abstract datatype (isomorphism class) of Enl (Q(=)).

Initial algebra specification of ADT(Enl, (Q(=))): FTCcm U Table 4Sq

X2 =x-Xx (28)
T+X2+y2 4+ 22417
1T+ x24y2+ 22+ 02

=140 -(X+y+2z+u) (29)

Table: 4Sq
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Specification and flattening

PROPOSITION (initial algebra specification): FTCcm/s provides an
initial algebra specification for ADT(Enl (Q(=))). (Uses sign function
instead of 4Sq).

PROPOSITION: (fracterm flattening): for each t there are division-free
terms r, and ry such that FTCcm/s - t = 2. (This fact was known for

o
the case without s functions). ‘

REMARK: Suppes-Ono fracterm calculus does not enjoy fracterm
flattening.
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Terminology: fracterms and fracterm calculus

@ Fracterm: an expression of the form 'Z

@ Unlike fraction, “fracterm” has a syntactic bias and is not
supposed to denote a number. (A specific fracterm may denote a
number but fracterm denotes a term).

© There seems to be no generally adopted definition of “fraction”.
Not even a majority position can be easily identified. (There may
be over 10.000 papers about fractions, mostly in the educational
literature.)

© Fracterm calculus of common meadows: the equational theory of
the class of common meadows.

@ Special case: fracterm calculus of common meadows of
characteristic 0. (Bergstra & Ponse): is axiomatised by
FTCcmu {5|n> 0 € N}.

© OPEN: exitence of a finite axiomatisation of the fracterm calculus
of signed common meadows?
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