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Motivation

® Quantum computation have errors because the interaction from environment or faulty
hardware and many more reasons.
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N
Motivation

® Quantum computation have errors because the interaction from environment or faulty
hardware and many more reasons.

® We discuss how to introduce fuzziness in labelled transition systems and their logics.

® and proceed similarly with quantum labelled transition system to model error situation.
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Transition systems and fuzziness...

ai as

Labelled transition system (LTS) is a triple a

(S, Act, &) where
® S is a non-empty set of states. G ’
® Act is a non-empty set of actions.

® § is a transition relation such that
0 CSXActxS

Fuzzy labelled transition systems (FLTS) is a

- a1/0.9 az|0.5
triple (S, Act, §) where 22/0.87
® S is a non-empty set of states.
® Act is a non empty set of actions.
® § is a transition function as]0.2

§: Sx Act x S —[0,1]
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and their logics
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Fuzzy Modal logic
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Fuzzy Modal logic

For a given set of propositional symbols, the
formulas are defined by the following grammar:

=T |Llp| ~po|erd|pved|le—¢][0p]|L

A fuzzy model is a tuple (S, R, V)
® S is a non empty set of states.

® R:S5x5—0,1] is a accessibility relation
on S.

® V:S x Prop—[0,1] is a function.
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Towards fuzzy labelled transition systems (FLTS) and their logics

Godel Algebra
The Godel algebra is the structure

G =([0,1],Vv,A,1,0,1,N) = G = ([0, 1], max, min,/,0,1, N)
where max , min are the usual maximum and minimum operations, respectively and

i . _
o« M) =40 TXEY e =g T
y  otherwise 0 ifx>0
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Satisfaction relation

k=: S x Fm(Prop) — [0, 1] defined as follows:
° M,sE=T)=1
e (M,;sk=1)=0
* (M,s|=p)=V(s,p), for pe Propand s € S
e MyskEeng)=min{(MsEg),(M,sk¢)}
* (MskEeVve)=max{(M,sk¢),(MskE¢)}
* MiskEe—¢)=I((Msk @) (Ms )
* (M;s~ @) =N(M,s = o)
* (M,s = 0p) = max { min (R(s,u),(M,u = ¢))|u€ S}

* (M,s[=0p) = min {I(R(s,u), (M, u = ¢))|u € S}
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Revisiting ...

In classical modal logic,

(M, w |= Oyp) iff 3w’ € S, such that (w,w') € R and (M, w’ |= )
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Revisiting ...

In classical modal logic,
(M, w |= Oyp) iff 3w’ € S, such that (w,w') € R and (M, w’ |= )
Using Godel algebra structure on [0,1] and using it to derive the formula for fuzzy modal logic.

(M, w = Op) iff 3w’ € S, such that min(R(s,w’), M, w' = ¢)
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Revisiting ...

In classical modal logic,
(M, w |= Oyp) iff 3w’ € S, such that (w,w') € R and (M, w’ |= )
Using Godel algebra structure on [0,1] and using it to derive the formula for fuzzy modal logic.
(M, w = Op) iff 3w’ € S, such that min(R(s,w’), M, w' = ¢)

3 means 'or' which in Godel algebra means maximum. Hence, we get the desired formula.

(M, w [= 0) = max {min (R(w,w'),(M,w' = ¢))|w’ € S}

Similarly, can be done for [J.
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Evaluating formulas over a fuzzy model

© (M = 0p) = ()
max {min(R(SQ, s3), (M, s3 = p)); min(R(s2,s1), (M,s1 = p
= max{min(0.7,0.8); min(0.6,0.7)} 0.6
= max{0.7;0.6} = 0.7

p[0.8]
o (M5 =Op)
= 0.6
min{I(R(s2,53), (M, 53 k= p)); I(R(s2,51), (M, 51 |= p))}
= min{/(0.6,0.8); /(0.2,0.7)} @ p[0.7]
=min{l;1} =1
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Bisimulation on fuzzy models

M= (S,R,V)and M = (S',R", V') be
two fuzzy models and EC S x S’ is a
bisimulation from M to M’ if for every w € S
and w’ € S’ such that (w,w’) € E we have;
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Towards fuzzy labelled transition systems (FLTS) and their logics

Bisimulation on fuzzy models

M= (S,R,V)and M = (S',R", V') be
two fuzzy models and EC S x S’ is a
bisimulation from M to M’ if for every w € S
and w’ € S’ such that (w,w’) € E we have;

® Atoms: For any p € Prop,
V(w,p) = V'(w', p)
® Fzig: For any u € S,

R(w,u) < max R/'(w,u
(w, u) = ( )
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Towards fuzzy labelled transition systems (FLTS) and their logics

Bisimulation on fuzzy models

Let M = (S,R,V) and M' = (S',R", V') be
two fuzzy models and EC S x S’ is a
bisimulation from M to M’ if for every w € S

and w’ € S’ such that (w,w’) € E we have;

® Atoms: For any p € Prop,
V(w,p) = V'(w', p)
® Fzig: For any u € S,
R(w,u) < max R/'(w',u")
u'€ E[{u}]
® Fzag: Forany v’ € S/,

R'(w',u") < max  R(w,u)
ueE—1[{u'}]

where E[{u}] :={s’" € §' : (u,s’) € E}
E{u'}]:={s€S:(s,u') € E}
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Example: Fzig condition for the pair (s;, s})

June 30, 2022 WADT 22 - 26th Internation
Manisha (University of Aveiro) Introducing fuzziness in quantum automata 11 /21




Towards fuzzy labelled transition systems (FLTS) and their logics

Example: Fzig condition for the pair (s;, s})

° R(Sg,sl) =0.6
<  sup  R/(s),u')=R/(s},s]) =0.6

u'e E[{si}]

® R(sz;s3)=0.7
< sup  R/(s),u’) = R'(s,s}) =07
u'€ E[{s3}]
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Invariance Theorem for fuzzy model

Let M = (S,R,V) and M’ = (S',R’, V') be two fuzzy models, and E C S x S’ a bisimulation from
M to M’. Then, for any formula ¢ € Fm(Prop) and for any two states w € S, w’ € S, such that
(w,w’) € E,

(M,w = 6) = (M, ' = )
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Going quantum...

[ Classical computing [ Quantum computing ]

1
Superposition: « |0) + 3 |1) where o, 8 € C
such that |a|? + 3> = 1.

Basic units of computation are 0,1 Quantum analogue |0) := [(1) 1) = [0}
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Towards fuzzy labelled transition systems (FLTS) and their logics

Going quantum...

[ Classical computing

Quantum computing ]

Basic units of computation are 0,1

Quantum analogue |0) := [(1)} 1) := [ﬂ

Superposition: « |0) + 3 |1) where o, 8 € C
such that |a|? + 3> = 1.

State is deterministic

State need not be deterministic, above superposition
state «|0) 4+ B|1) is in state |0) with probability
|a|? and in state |1) with probability |3]2
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Towards fuzzy labelled transition systems (FLTS) and their logics

Going quantum...

[ Classical computing

Quantum computing

Basic units of computation are 0,1

Quantum analogue |0) := [(1)} 1) := [(ﬂ

Superposition: « |0) + 3 |1) where o, 8 € C
such that |a|? + 3> = 1.

State is deterministic

State need not be deterministic, above superposition
state «|0) 4+ B|1) is in state |0) with probability
|a|? and in state |1) with probability |3]2

Classical logical gates, for example:
NOT gate, AND gates which
may not be reversible

X1
X3
X2

Quantum gates are unitary matrices. For example:

(Pauli-X gate) [0) — [‘1) (1)] m = m = 1)
@ Dl

June 30, 2022 WADT 22 - 26th Internation

Manisha (University of Aveiro) Introducing fuzziness in quantum automata 13 /21




Quantum labelled transition systems (QLTS)

start

’
S

proj(\\ )

June 30, 2022 WADT 22 - 26th Internation

Manisha (University of Aveiro) Introducing fuzziness in quantum automata 14 /21



their logics

Quantum labelled transition systems (QLTS)

’
S

proj(“ +)

Quantum Labelled transition system (QLTS)

is (S, Act, (du)uecu, (Proix)xer o) where

® S is a non-empty set of states where
each state is represented as a ray,

|s) == als)
Act is a non-empty set of actions
called unitary transformations U and

projections p.

For U € U, dy is a transition relation
such that 6y €S x S

For any closed subspace X € L, projx
is a transition relation such that

projx €S xS

[so) is the initial qubit.
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their logics

Bisimulation on QLTS

Q = (S, Act, 0, proj, so) and

Q' = (§', Act’, &', proj’, s{) is a non empty
relation E C S x S’ such that whenever
(Is),1s") € E:
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their logics

Bisimulation on QLTS

Q = (S, Act, 0, proj, so) and

Q' = (§', Act’, &', proj’, s{) is a non empty
relation E C S x S’ such that whenever
(Is),1s") € E:

® Zig: If (|s),|v)) € & then there is a
|v)' € S’ such that (|s)’, |v)) € & and
(Iv),Iv)) e E.
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their logics

Bisimulation on QLTS

A bisimulation between two QLTS

Q = (S, Act, 0, proj, sp) and

Q' = (8, Act’, &', proj’, s{) is a non empty
relation E C S x S’ such that whenever
(Is),1s") € E:

® Zig: If (|s),|v)) € & then there is a
|v)' € S’ such that (|s)’, |v)) € & and
(Iv),Iv)) e E.

e Zag: If (|s)’,|v)’) € & then there is a
|v) € S such that (Js),|v)) € § and
(Iv),Iv)) € E.

® Both the bisimilar states should project
on the same closed subspace.
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Example of no Bisimulation on QLTS

@ Z
H
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Hennessy-Milner logic

Grammar

For a given set of Actions, we define the set of formulas, by the following grammar:

pi=T|LlpAd|lpUd| (Act)p | [Actlyp

Satisfaction relation

Let Q = (S, Act, d, proj, so) be QLTS then = C S x Fma
® Q,|w) = T iff |w) is always true
* Qw)yE Liff Qw)ET
® Q,|w) |= (Act)p iff there is a |w)’ € S such that (|w), |w)’) € Raee and M, |w)’ |= ¢
® Q,|w) = [Act]p iff for any |w)" € S such that (|w), |w)’) € Racr we have Q,|w)" = ¢
* Qw) Eene iff Q|w) = pand Qw) ¢
© QW) oV iffQlw) g or Qlw) ¢!
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Example of Hennessy-Milner logic on QLTS

Consider QLTS Q = (S, Act, 4, |0) , proj)

® Q,]0) = (Z)T thereis a |0) € S such
that (|0),]0)) € Rz and M,|0) =T

* @.10) = (2)[projip]T
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fuzzy QLTS

fuzzy Quantum Labelled transition system (QLTS)

is (S, Act, (6y)veu, (projx)xer, so) where
® S is a non-empty set of states.
® Act is a non-empty set of actions called unitary transformations U and projections projx.
® For U €U, dy is a transition relation such that §y: S x S — [0,1]
® For a closed subspace X, projx is a transition relation such that projx: S x S — [0,1]

® |sp) is the initial qubit.
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Satisfaction relation

Grammar

For a given set of propositional symbols Prop, we defined the set of Prop-formulas Fm(Prop), by
the following grammar:
w=T|LloAg|eVe|Op|Lyp

* (Q|w) [ (Act)p) = max(min{Race(Iw) , [w)"), (M, |w)" |= ¢)}
o (Q.Iw) E [Actl) = min{I(Race(ls) , |s)"), (M,]s)’ = )}
* (M;skE @A) =min {(M75 E ), (M,s 90/)}

* (M;skE=eVy)=max{(Ms}¢),(MskE=¢)}
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Future work

® Extend to quantum Kripke frame introducing propositions.

® Characterize a full modal logic for fuzzy QLTS
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