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Qubits

Qubits

Denote |0⟩ =
[
1
0

]
and |1⟩ =

[
0
1

]
to be the two basis states.

A pure qubit state is a coherent superposition of the basis states, i.e. a
single qubit can be described as

|ψ⟩ = α |0⟩+ β |1⟩ ,

where α, β ∈ C and ∥α∥2 + ∥β∥2 = 1.
The qubit |ψ⟩ collapses to the state |0⟩ upon measurement with
probability ∥α∥2 and to the state |1⟩ with probability ∥β∥2.
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Qubits

Phase

Let θ ∈ [0, 2π[,

|ψ⟩ = α |0⟩+ β |1⟩ ,
|ϕ⟩ = e iθ (α |0⟩+ β |1⟩) ,
|γ⟩ = α |0⟩+ e iθβ |1⟩

The qubits |ψ⟩ and |ϕ⟩ correspond to the same physical state, because
they just have a global phase difference.

But the qubits |ψ⟩ and |γ⟩ correspond to different physical states. They
have a relative phase difference.
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Qubits

Tensor Product

Given two qubits |ψ⟩ and |ϕ⟩,

|ψ⟩ ⊗ |ϕ⟩ = |ψ⟩ |ϕ⟩ = |ψϕ⟩ ,

in particular

|0⟩ ⊗ |0⟩ = |00⟩ =


1
0
0
0

 ,
|01⟩ = [0 1 0 0]T , |10⟩ = [0 0 1 0]T and |11⟩ = [0 0 0 1]T .
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Gates

A quantum gate is a quantum circuit operating on a small number of
qubits.

Hadamard

The Hadamard quantum gate operates on a single qubit and is defined as

H =

√
2

2

[
1 1
1 −1

]
.

Therefore

H |0⟩ =
√
2

2
|0⟩+

√
2

2
|1⟩ =: |+⟩

and

H |1⟩ =
√
2

2
|0⟩ −

√
2

2
|1⟩ =: |−⟩ .
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Gates

Pauli Gates

The four Pauli gates also operate on a single qubit and are defined as

I =

[
1 0
0 1

]
, σx =

[
0 1
1 0

]
,

σy =

[
0 −i
i 0

]
and σz =

[
1 0
0 −1

]
.

Notice that σy = iσxσz and σaσb = −σbσa, for a ̸= b and a, b ∈ {x , y , z}.
Moreover

σx |0⟩ = |1⟩ , σx |1⟩ = |0⟩,
σz |0⟩ = |0⟩ , σz |1⟩ = − |1⟩.
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Gates

Digitalization of noise

“Digitization of noise” is based on the observation that any interaction
between a set of qubits and another system (such as the environment) can
be expressed in the form:

|ϕ⟩ |ψ0⟩e =
∑
i

(Ei |ϕ⟩) |ψi ⟩e

where each ‘error operator’ Ei is a tensor product of Pauli operators acting
on the qubits, |ϕ⟩ is the initial state of the qubits, and |ψi ⟩e are states of
the environment, not necessarily orthogonal or normalised. We thus
express general noise and/or decoherence in terms of Pauli operators
σx , σy and σz acting on the qubits.
These will be written X = σx ,Z = σz and Y = −iσy = XZ .
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Gates

Controlled NOT Gate - CNOT

The CNOT gate operates on two qubits and is defined as

CNOT =


1 0 0 0
0 1 0 0
0 0 0 1
0 0 1 0

 ,
i.e. The CNOT gate flips the second qubit (the target qubit) if and only if
the first qubit (the control qubit) is |1⟩.
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Gates

Toffoli Gate - CCNOT

The CCNOT gate operates on three qubits and is defined as

CCNOT =



1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 1
0 0 0 0 0 0 1 0


,

i.e. The CCNOT gate flips the third qubit (the target qubit) if and only if
the first and second qubits (the control qubits) are both |1⟩.
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Quantum Codes

3-qubit code

A quantum repetition code would violate the no-cloning Theorem. But
we could do the following entanglement

|ψ⟩ = α |0⟩+ β |1⟩ → α |000⟩+ β |111⟩

α |000⟩+ β |100⟩ → α |000⟩+ β |110⟩ → α |000⟩+ β |111⟩
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Quantum Codes

Bit Flip Syndrome

Suppose that there is at most one bit flip. Then Bob would receive one of
the following:
α |000⟩+ β |111⟩ no errors |00⟩
α |100⟩+ β |011⟩ error in the first qubit |01⟩
α |010⟩+ β |101⟩ error in the second qubit |10⟩
α |001⟩+ β |110⟩ error in the third qubit |11⟩

The two bottom qubits (ancilla qubits) will have the syndrome of the error
committed. We can initialize a qubit by first measuring it and then
performing a rotation to put it in the proper state.
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Quantum Codes

Bit Flip Correction
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Quantum Codes

Phase Flip Encoding

Suppose we have a phase flip error. For instance we have

α |000⟩+ β |111⟩⇝ α |000⟩ − β |111⟩ .

First we change the encoding, using Hadamard gates:

And Alice sends
α |+++⟩+ β |− − −⟩

Paulo Almeida (Departamento de Matemática Universidade de AveiroWADT’22 - 26th International Workshop on Algebraic Development Techniques 2022 June 28-30, 2022)Quantum Codes June 29, 2022 14 / 27



Quantum Codes

Phase Flip Syndrome

Then Bob would get

α |+++⟩+ β |− − −⟩ no errors
α |−++⟩+ β |+−−⟩ error in the first phase
α |+−+⟩+ β |−+−⟩ error in the second phase
α |++−⟩+ β |− −+⟩ error in the third phase

But Bob just needs to start the syndrome circuit with Hadamard gates in
every qubit, and then proceed as before.

This code protects against phase flips, but it fails to protect against bit
flips.
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Stabilizers

Stabilizers

A qubit |ψ⟩ is stabilized by an operator K if K |ψ⟩ = |ψ⟩.

Pauli Group

Let P = {I , σx , σy , σz} (=:{I, X, Y, Z})
The set Gn = {αA1 ⊗ · · · ⊗ An,Ai ∈ P, α ∈ 1,−1, i ,−i} is the n-qubit
Pauli group.
Gn has 4n+1 elements and is not abelian. We will use that to find
errors!

Weight

For A ∈ Gn, wt(A) is the number of factors of A that are different from I .

Stabilizer of the 3-qubit code

The generators of the stabilizer of the 3-qubit code are ZZI and ZIZ .
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Stabilizers

Shor’s 9-qubit Code

The 9-qubit code is generated by the codeword |ψ⟩ = α |0̄⟩+ β |1̄⟩ where

|0̄⟩ = 1

2
√
2
(|000⟩+ |111⟩)(|000⟩+ |111⟩)(|000⟩+ |111⟩)

|1̄⟩ = 1

2
√
2
(|000⟩ − |111⟩)(|000⟩ − |111⟩)(|000⟩ − |111⟩)

The stabilizer group of this code will be the set
S = {A ∈ G9,A |ψ⟩ = |ψ⟩}.
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Stabilizers

Generators of the Stabilizer Group of the 9-qubit Code

Remember that XZ = −ZX . So if we have an error in one of first three
qubits then it will be detected by the first two generators, and so on...
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Stabilizers

Steane 7 qubit Code

The 7-qubit code is the first example of a CSS-code (Calderbank, Shor
and Steane), which are codes that can be constructed from classical codes.
The 7 qubit code is generated by the codeword |ψ⟩ = α |0̄⟩+ β |1̄⟩ where

|0̄⟩ =
1

2
√
2
(|0000000⟩+ |1010101⟩+ |1100110⟩+ |0110011⟩)

+
1

2
√
2
(|1111000⟩+ |0101101⟩+ |0011110⟩+ |1001011⟩)

|1̄⟩ =
1

2
√
2
(|1111111⟩+ |0101010⟩+ |0011001⟩+ |1001100⟩)

+
1

2
√
2
(|0000111⟩+ |1010010⟩+ |1100001⟩+ |0110100⟩)
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Stabilizers

Generators of the Stabilizer Group of the 7-qubit Code



Z Z Z Z I I I
Z Z I I Z Z I
Z I Z I Z I Z
X X X X I I I
X X I I X X I
X I X I X I X

 .
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Classic Coding Theory

Linear Codes

If, for every block of a message we add some redundancy, we can detect if
an error occurred and correct it.

Let u = x1x2x3x4 represents a four bits message. Let x5 = x2 + x3 + x4,
x6 = x1 + x3 + x4 and x7 = x1 + x2 + x4. The sequence x1x2x3x4x5x6x7 is a
codeword. This is called a [7, 4]-code, since for each 4 bits of message, it
is transmitted 7 bits, where the last 3 are verification bits.

Examples of codewords are 1000011, 0100101, 0010110 and 0001111.
All the other codewords are linear combinations of these codewords.

Notice that there are only 16 possible codewords, but 128 possible 7-bit
sequences. The minimum number of nonzero coordinates in the difference
between any two codewords is 3 (i. e. the minimum distance of the
[7, 4]-code is 3). So, we call this a [7, 4, 3]-code.
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Classic Coding Theory

Generator Matrix

The word 0101 is transmitted as 0101010, so, if we receive 1101010 we
know that an error occurred and we may assume that the original message
was ”0101”, since this corresponds to the closest codeword.

One way of defining a code is through its generator matrix. For example
the generator matrix of the [7, 4, 3]-code is

G =


1 0 0 0 0 1 1
0 1 0 0 1 0 1
0 0 1 0 1 1 0
0 0 0 1 1 1 1


So if the message is u = x1x2x3x4 then uG is the corresponding codeword.
Given a code C and G its generator matrix, we have C = ImG.
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Classic Coding Theory

Parity Check Matrix

Another way of defining a code is through its parity check matrix. For
example the parity check matrix of the [7, 4, 3]-code is

H =

 0 1 1 1 1 0 0
1 0 1 1 0 1 0
1 1 0 1 0 0 1

 .
The codewords are the vectors v such that Hv = 0. Therefore HGT = 0.
So a code is the subspace ker(H). Also, H is the generator of the dual
code C⊥.
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CSS Codes

CSS Codes

The stabilizer group of quantum codes is closely analogous to the classical
parity check matrix.
Consider the Hamming code [7, 4, 3]. If we replace each 1 in a parity check
matrix by the operator Z and each 0 by the operator I , and construct
three more rows where now each 1 is replaced by the operator X and each
0 is replaced by the operator I , after a column permutation, we obtain the
stabilizer group for a the 7-qubit quantum code which is a [[7, 1, 3]]
quantum code.

H =

 0 1 1 1 1 0 0
1 0 1 1 0 1 0
1 1 0 1 0 0 1




Z Z Z Z I I I
Z Z I I Z Z I
Z I Z I Z I Z
X X X X I I I
X X I I X X I
X I X I X I X

 .

Paulo Almeida (Departamento de Matemática Universidade de AveiroWADT’22 - 26th International Workshop on Algebraic Development Techniques 2022 June 28-30, 2022)Quantum Codes June 29, 2022 24 / 27



CSS Codes

Hamming code [7, 4, 3] → [[7, 1, 3]] quantum code.

If C1 is an [n, k1, d1] code, and C2 is an [n, k2, d2] code with C⊥
2 ⊆ C1 then

the corresponding quantum code is an [[n, k1 + k2 − n,min{d1, d2})]] code.

G =


1 0 0 0 0 1 1
0 1 0 0 1 0 1
0 0 1 0 1 1 0
0 0 0 1 1 1 1

 H =

 0 1 1 1 1 0 0
1 0 1 1 0 1 0
1 1 0 1 0 0 1

 .

LH1 = LG2 + LG3 + LG4 LH2 = LG1 + LG3 + LG4 LH3 = LG1 + LG2 + LG4

Hence, CH = C⊥
G ⊆ CG
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CRSS codes

CRSS codes

Calderbank, Rains, Shor and Sloane conceived a special class of non-CSS
codes, which are constructed from classical codes over F4.
Let F4 = {0, 1, α, α+ 1} and C a self orthogonal code. Let Hc be the
parity check of the dual code C⊥. The parity check of the associated
quantum CRSS code is

H =

[
Hc

αHc

]
.

Example

Hc =

[
0 α2 α α α2

α2 0 α2 α α

]
, H =


I Y Z Z Y
Y I Y Z Z
I X Y Y X
X I X Y Y


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Quantum convolutional codes

Quantum convolutional codes

Consider the classical convolutional code generated by
(1 +D, 1 + αD, 1 + α2D) = (1, 1, 1) + (1, α, α2)D over F4. The Stabilizer
matrix of the corresponding quantum convolutional code will be

H =



X X X X Z Y
Z Z Z Z Y X

X X X X Z Y
Z Z Z Z Y X

X X X X Z Y
Z Z Z Z Y X

. . .


Can correct an arbitrary number of errors, as long as they do not occur in
bursts, meaning in this example that at least six unaffected qubits are
between two erroneous ones.
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Quantum convolutional codes
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Quantum convolutional codes
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