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Universal Graph Algebra




Motivation and context
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Operations on graph-based structures can be found in fields such as software
engineering, category theory and even type theory (Myott).

As a concept, graph operations have appeared in generalised sketches
[CD96, Dis96, DK97], a graph-based specification language motivated by applications
in databases and data modelling.

When later rebranded as Diagram Predicate Framework [Rut10], support for
operations were dropped due to lack of a proper formalisation.

The concepts of graph algebra and graph terms were presented in [WDK18] as a
generalisation of traditional concepts in Universal Algebra.

Graph algebras are different from algebras of graphs.




In traditional (unsorted) algebras

An operation symbol declaration only requires
» a name/symbol op, and

> a natural number n denoting its arity.
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In traditional (unsorted) algebras

An operation symbol declaration only requires
» a name/symbol op, and

> a natural number n denoting its arity.

Given any set A, we can interpret the declaration above as an n-ary operation on A:

opt A" = A
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In traditional (unsorted) algebras

An operation symbol declaration only requires
» a name/symbol op, and

> a natural number n denoting its arity.

Given any set A, we can interpret the declaration above as an n-ary operation on A:

opt A" = A

A single output is assumed!
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Transition - From tuples to maps
To motivate graph operations, we define the following canonical indexing sets
[n] :={i|1<i<n}.

There is a 1-1 correspondence between tuples in A" and maps in A" for any set A.
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Example of a graph operation - Composition
Input: Output:

ivi == iv3
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Example of a graph operation - Composition
Input: Output:

. 2 . oe .
- ey 5 (5] 5
ivy ivo iv3 il V3

Three essential differences:

Uwe Wolter, Tam T. Truong | Algebras and Graph Algebras 7/31



Example of a graph operation - Composition
Input: Output:

- . . oe .
. ey . (5] 5
ivi ivo iv3 WA v3

Three essential differences:

» Two different kinds of input (and output) items.
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Example of a graph operation - Composition
Input: Output:

- . . oe .
. ey . (5] .
ivi ivo iv3 WA v3

Three essential differences:

» Two different kinds of input (and output) items.
» Arbitrary many output items.
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Example of a graph operation - Composition
Input: Output:

- . . oe .
. ey . (5] .
ivi ivo iv3 WA v3

Three essential differences:

» Two different kinds of input (and output) items.
» Arbitrary many output items.
» Output is often related to the input.
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Example of a graph operation - Composition
Input: Output:

. iep . iex . . oe o
ivi ivo iv3 WA v3

Three essential differences:

» Output is often related or connected with the input.
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Our proposed solution - Boundary

The arity of a (graph) operation symbol op is given by a span of graph homomorphisms:

Io, ro
(Iop <= Bop = Dgp)
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Our proposed solution - Boundary

The arity of a (graph) operation symbol op is given by a span of graph homomorphisms:
o ro
(Top <= Bop = Dgp)

Definition
A graph signature ' = (OP, ar) consists of
> a finite set OP of graph operations symbols, and

> a map ar assigning to each op in OP a span of graph homomorphisms as above.
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Differences from original definition

Our definition differs from [WDK18] where graph algebras were introduced. The original
definition uses rgp : Iop — Rop obtained from the pushout diagram as the arity of op.

\4

It is also required to be an inclusion.
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Example - Composition revisited

. er . ex . oe .
i —— ivo — iv3 i ——————— iv3
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Example - Composition revisited

Lcomp Ocomp
ST LT T .7 i ST T T Tt T T i
o ey . iey w oe o
v —— vy — ivg v V3
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Example - Composition revisited

% ivy
\comp on,
Icomp Dcomp
T T T . T h oS Tt h
o der ey » oe o
vy —— ivo —— iv3 iV ———————— iv3 !

Uwe Wolter, Tam T. Truong | Algebras and Graph Algebras



Example - Composition revisited

Bcomp
\’ T 7 B i\
: 1v1 1v3 :
0o > < G
\Coﬂ\ 0/77,0
Icomp Ocomp

T T T \‘ ST \‘
! e . 1 | ! oe g !
: Vi —— IV —— V3 | : ], —————— Iv3 |
| |
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Example - Composition revisited

Bcomp
\’ T 7 B i\
: 1v1 1v3 :
0o > < G
\Coﬂ\ 0/77,0
Icomp Ocomp

T T T \‘ ST \‘
! e . 1 | ! oe g !
: Vi —— IV —— V3 | : ], —————— Iv3 |
| |

lcomp Fcomp

ar(comp) = ICOmP — Bcomp — Ocomp
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Interpreting comp as a graph operation

Let |C| denote the underlying graph of a category C.

Beomp
T T 7 T
Lvi 1v3 :
\(,Omp on,
Tcomp Ocomp
CT T T T S T T T T
e e - oe o
vy —— v —— iv3 v —————— iv3
€|
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Interpreting comp as a graph operation

Let |C| denote the underlying graph of a category C. Then comp can be interpreted as an
operation on |C| if for any graph homomorphism (input) b: I, — [C|...

v ey ey ' oe .
Livp —— iva —— iv3 Livp ——————— iv3

,,,,,,,,,,,,,,,,,,

€l

Uwe Wolter, Tam T. Truong | Algebras and Graph Algebras

16 / 31



Interpreting comp as a graph operation
Let |C| denote the underlying graph of a category C. Then comp can be interpreted as an

operation on |C| if for any graph homomorphism (input) b: Icomp — |C| we define
comp(b) such that the following diagram commutes.

o er ey :
vy —— ivp —— iv3

,,,,,,,,,,,,,,,,,,

\ 3 vy —— > iv3 !
Kb N e e e e e e e
X Co(f\p
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Graph algebras

Definition

A T-algebra G is a pair (G, OPY) where
» Gis a (carrier) graph, and

» OPY is a family of maps (opY: Gl — G | op € OP) such that the following
diagram commutes for all op in OP and all graph homomorphisms b in Gler

/\
\m

The maps in OPY are referred to as graph operations
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-homomorphisms

Definition

A T-homomorphism : G — H between two algebras G = (G, OPY) and H = (H, OP™) is
a graph homomorphism ¢: G — H such that

@ oop?(b) = op™(pob) forall op e OP and all b € GI.

I, o
Iop «—— Bop —— Ogp
g (b)
b op |op (oot
G L4 H
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Free graph algebras

The authors in [WDK18] provide a construction of a free -algebra 7r(X) over some graph
X, which generalises traditional term algebras.
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Free graph algebras

The authors in [WDK18] provide a construction of a free -algebra 7r(X) over some graph
X, which generalises traditional term algebras.

That is, the construction extends to a functor 7r(_) : Graph — GAlg(I") which is
left-adjoint to the forgetful functor |_|: GAlg(I') — Graph.

7r(0)
Graph " GAlg(I)
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Algebras as graph algebras




An algebra is just a special graph algebra

» Carrier sets translates to edgeless graphs,
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An algebra is just a special graph algebra

» Carrier sets translates to edgeless graphs,

» Operations have only a single output,
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An algebra is just a special graph algebra

» Carrier sets translates to edgeless graphs,
» Operations have only a single output,
» Boundaries are empty for all operation symbols.
For any set A, there is a 1-1 correspondence between tuples in A" and maps in Al".

The arity of an n-ary operation is thus given by the span

[n] <=0 = [1]

where [n] = {i|1 < i< n}.
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An algebra is just a special graph algebra

» Carrier sets can be seen as edgeless graphs,

» Operations have only a single output,

» Boundaries are empty for all operation symbols.

» For any set A, there is a 1-1 correspondence between tuples in A" and maps in Al

For an n-ary operation op: A" — A:

[n] +— 0 —— [1]

(a1,a2,...,an) € A" op(ai, az,...,an) €A
a op(a)
A
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Tweaking the definition

What do we gain, in the context of traditional algebras, if we allow for nonempty
boundaries, multiple outputs, and/or arbitrary injective right maps?
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Example - Nonempty boundaries

For n > 2 and 1 < i < n, we can declare an operation symbol with the arity

[n] < {i} 22 3y,
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Example - Nonempty boundaries

For n > 2 and 1 < i < n, we can declare an operation symbol with the arity

[n] = {i} 22 .

Due to the commutativity requirement, any operation op with this arity must be a
projection map.

Id{ 7}

N Aa>
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Example - Multiple outputs

Similarly, if we also allow for multiple outputs we can declare an operation symbol with
the following arity
idj
[n] <1 — 1,

forn>2and I C [n].
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Example - Multiple outputs

Similarly, if we also allow for multiple outputs we can declare an operation symbol with

the following arity

id;

[n] <1 — 1,

forn>2and I C [n].

Any operation op with this arity must be a multiple projection map.

[n] —— 1

\/
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Example - Arbitrary injective right maps
Lastly, if we do not require right inclusion maps then the following arity can be declared
id[2] o
[2] «— [2] —[2],

with o being the only proper permutation of [2].
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Example - Arbitrary injective right maps

Lastly, if we do not require right inclusion maps then the following arity can be declared
22 ] 2 2]

with o being the only proper permutation of [2].

Any operation op with this arity is forced to be a swap operation.

2] — [2]
N

2]
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Ongoing work

» Reconstruct and prove the results in [WDK18] with the new arity definition.
» Defining something akin to syntactic Lawvere theories that is suitable for graphs.
> If possible, expand the idea to arbitrary elementary topoi.

» Expand the "logics of statements in context" described in [Wol22] with support for
operations.
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Summary

| 2

| 2

Uwe Wolter,

Operations on graphs are found in various fields, including software engineering and
category theory.

Graph algebras and graph operations generalises the concepts of algebras and
operations from Universal Algebra.

The universal property for free graph algebras has been shown in [WDK18].

We define here the arity of a graph operation as a span of graph homomorphisms
instead of a single inclusion.

Traditional set-based algebras can be expressed as graph algebras.

This new setting allows for more expressive power in the syntax of algebraic
operations.
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